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In Part I of this series we developed the mathematics to capitalize and amortize research and development expen-
ditures on a single product. In Part II of this series we will develop the mathematics to capitalize and amortize
research and development expenditures for the company as a whole on the basket of new products that the Company
has brought to market in the current and prior periods. To that end we will work through the following hypothetical
problem...

Our Hypothetical Problem

ABC Company is a technology company that has a substantial investment in research and development. The table
below presents financial data for ABC Company’s most recent annual reporting period...

Table 1: Year End Financial Data

Description Value

Total operating revenue in the current year 20,000,000
Research and development expense in the current year 2,400,000
Marginal income tax rate 20.00%
Annualized revenue growth rate (sustainable) 4.50%
Weighted-average product revenue life (in years) 3.00

We are tasked with answering the following questions...

Question 1: What is the balance of Capitalized R&D at the beginning of the fourth quarter of year three?
Question 2: What is the balance of Capitalized R&D at the end of the fourth quarter of year three?
Question 3: How much R&D was capitalized in the fourth quarter of year three?
Question 4: How much R&D was expensed in the fourth quarter of year three?

Product Periodic Revenue

We will define the time variables m and n to be integer values. We will define the variable P (m)n to be total
revenue realized in period n ≥ m on a product brought to market at the beginning of period m. This statement in
equation form is...

P (m)n = Total revenue realized in period n ≥ m on a product brought to market at beginning of period m (1)

We will define the variable π to be the number of time periods in one year. Using the data in Table 1 above the
equation for total revenue realized in period zero on a product brought to market at the beginning of period zero
is...

P (0)0 =
Total Reported Revenue

π
(2)

We will define the variable λ to be one minus the periodic rate of revenue decay. Product revenue decays over time
due to technological obsolescence. Using Equation (1) above the equation for product revenue realized in period
n ≥ m on a product brought to market at the beginning of period m is...

P (m)n = λn−m P (m)m ...where... λ = 1− Periodic rate of revenue decay (3)
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We will assume that when a new product is launched its first period revenue increases by g as compared to first
period revenue of the product launched in the prior period. We will define the variable θ to be the following
equation...

θ = 1 + g ...where... g =
P (m)m

P (m− 1)m−1
− 1 (4)

Using Equations (1), (2) and (4) above the equation for total revenue realized in period m on a product brought to
market at beginning of period m (i.e. first period revenue) is...

P (m)m = θmP (0)0 (5)

Using Equations (3) and (5) above the equation for total revenue realized in period n ≥ m on a product brought
to market at beginning of period m is...

P (m)n = λn−mθmP (0)0 (6)

Product Lifetime Revenue

We will define the variable P (m)n,∞ to be lifetime product revenue to be realized over the time interval [n,∞] on
a product brought to market at the beginning of period m ≤ n. Using Equation (6) above the equation for lifetime
product revenue is...

P (m)n,∞ =

∞∑
i=n

P (m)i =

∞∑
i=n

λi−mθmP (0)0 = λ−mθmP (0)0

∞∑
i=n

λi ...where... n ≥ m (7)

Using Appendix Equation (46) below the solution to Equation (7) above is...

P (m)n,∞ = λ−mθmP (0)0
λn

1− λ
=
λn−mθm

1− λ
P (0)0 ...where... n ≥ m (8)

Using Equation (8) above the equation for lifetime product revenue to be realized over the time interval [m,∞] on
a product brought to market at the beginning of period m is...

P (m)m,∞ =
λm−mθm

1− λ
P (0)0 =

θm

1− λ
P (0)0 (9)

Product Weighted-Average Revenue Life

We will define the variable W (m)n,∞ to be weighted lifetime product revenue to be realized over the time interval
[n,∞] on a product brought to market at the beginning of period m ≤ n. Using Equation (6) above the equation
for weighted lifetime product revenue is...

W (m)n,∞ =

∞∑
i=1

i P (m)(n−1)+i =

∞∑
i=1

i P (0)0 θ
mλ(n−1)−m+i = λn−m−1θmP (0)0

∞∑
i=1

i λi (10)

Using Appendix Equation (45) below the solution to Equation (10) above as...

W (m)n,∞ = λn−m−1θmP (0)0
λ

(1− λ)2
= P (0)0

λn−mθm

(1− λ)2
(11)

We will define the variable ω to be the weighted-average product revenue life in years. Using Equations (8) and
(11) above the equation for weighted-average product revenue life at any time n ≥ m is...

ω =
Weighted product lifetime revenue

Product lifetime revenue
=
W (m)n,∞
P (m)n,∞

=
1− λ

(1− λ)2
=

1

1− λ
(12)

If we know the weighted-average product revenue life then we can solve for λ. Using Equation (12) above the
equation to solve for λ is...

if... ω =
1

1− λ
...then... λ = 1− 1

ω
(13)
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Company Periodic Revenue

We will define the variable Rm to be company revenue realized in period m. Company revenue in any given period
is a function of revenue on the individual products brought to market in the current and prior periods. Using
Equation (1) above the equation for company revenue in period m is...

Rm = P (m)m + P (m− 1)m + P (m− 2)m + P (m− 3)m + ... (14)

Using Equation (6) above we can rewrite Equation (14) above as...

Rm = θmλ0P (0)0 + θm−1λ1P (0)0 + θm−2λ2P (0)0 + θm−3λ3P (0)0 + ... (15)

We will define the variable φ to be the following equation...

φ =
λ

θ
(16)

Using Equation (16) above we can rewrite Equation (15) above as the following summation...

Rm =

m−1∑
i=0

θm−iλiP (0)0 = θmP (0)

m−1∑
i=0

φn (17)

Using Appendix Equation (47) below the solution to Equation (17) above is...

Rm =
θm(1− φm)

1− φ
P (0)0 ...when... 0 < φ < 1 (18)

Using Equation (18) above the period-over-period company revenue growth rate at time period m is...

Revenue growth rate =
Rm

Rm−1
− 1 =

θmP (0)(1− φm)(1− φ)−1

θm−1P (0)(1− φm−1)(1− φ)−1
− 1 =

θ (1− φm)

1− φm−1
− 1 (19)

Note that using Equation (19) above as the company matures (m goes to infinity) the period-over-period company
revenue growth rate becomes...

lim
m→∞

R(m)

R(m− 1)
− 1 = θ − 1 = g ...because... lim

m→∞
φm = 0 ...when... 0 < φ < 1 (20)

Company Lifetime Revenue

We will define the variable L(m) to be lifetime company revenue to be realized over the time interval [m,∞] on a
products brought to market at the beginning of periods one through m. Using Equation (7) above the equation for
lifetime company revenue is...

L(m) = P (m)m,∞ + P (m− 1)m,∞ + P (m− 2)m,∞ + P (m− 3)m,∞ + ... (21)

Using Equations (8) and (16) above we can rewrite Equation (21) above as...

L(m) =

m−1∑
i=0

λiθm−i

1− λ
P (0)0 = P (0)0

θm

1− λ

m−1∑
i=0

λiθ−i = P (0)0
θm

1− λ

m−1∑
i=0

φi (22)

Using Appendix Equation (47) below the solution to Equation (22) above is...

L(m) = P (0)0
θm

1− λ
1− φm

1− φ
= P (0)0

θm(1− φm)

(1− λ)(1− φ)
(23)

Using Equation (18) above we can rewrite Equation (23) above as...

L(m) =
Rm

1− λ
(24)
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We will define the variable B(m)B to be the unamortized balance of lifetime company revenue at the beginning of
period m. Per Equation (21) above L(m) includes lifetime revenue on the product launched in period m. Since
the balance of lifetime company revenue at the beginning of period m must equal the balance of lifetime company
revenue at the end period m−1 then B(m)B excludes lifetime revenue on the product launched in period m. Using
Equations (9) and (24) above the equation for B(m)B is...

B(m)B = L(m)− P (m)m,∞ =
Rm

1− λ
− θm

1− λ
P (0)0 =

Rm − θmP (0)0
1− λ

(25)

We will define the variable B(m)E to be the unamortized balance of lifetime company revenue at the end of period
m. Per Equation (21) above L(m) includes lifetime revenue on the product launched in period m but excludes any
amortization (i.e. lifetime revenue realized) in period m. Using Equation (24) above the equation for B(m)E is...

B(m)E = L(m)−R(m) =
Rm

1− λ
−R(m) =

λR(m)

1− λ
(26)

Using Equations (25) and (26) above the equation for the change in unamortized balance of lifetime company
revenue over the time period m is...

B(m)E −B(m)E = Lifetime revenue on product launched in period m−Amortization in period m

=
θmP (0)0

1− λ
− λR(m)−R(m)

1− λ

=
θmP (0)0

1− λ
−R(m) (27)

Using Equations (25), (26) and (27) above the reconciliation of the change in unamortized lifetime company revenue
over the time period m is...

Table 2: Lifetime Company Revenue Reconciliation

Description Value

Unamortized Balance at the beginning of period m B(m)B
Lifetime revenue on product launched in period m θmP (0)0/(1− λ)
Amortization in period m (revenue recognized in period) R(m)
Unamortized Balance at the end of period m B(m)E

Company Capitalized R&D

We defined the variable Γ to be the pre-tax dollar investment in research and development needed today to generate
one dollar of revenue tomorrow and the variable α to be the income tax rate. The equation for capitalized after-tax
research and development expense at any period m is... [3]

Capitalized After-Tax R&D = Γ×Unamortized Lifetime Company Revenue× (1− α) (28)

Using the definition of gamma above and using balance sheet and income statement data for the most recent
reporting period we can estimate the value of the parameter Γ as follows...

Γ =
Period research and development expenditures

Period revenue
(29)

We will define the variable X(m)B to be the unamortized balance of capitalized after-tax research and development
expenditures (a balance sheet asset) at the beginning of period m. Using Equations (25), (28) and (29) above the
equation for capitalized research and development at the beginning of period m is...

X(m)B = Γ (1− α)B(m)B = Γ (1− α)
Rm − θmP (0)0

1− λ
(30)

We will define the variable X(m)E to be the unamortized balance of capitalized after-tax research and development
expenditures (a balance sheet asset) at the end of period m. Using Equations (26), (28) and (29) above the equation
for capitalized research and development at the end of period m is...

X(m)E = ΓB(m)E = Γ (1− α)

(
Rm

1− λ
−R(m)

)
= Γ (1− α)

λR(m)

1− λ
(31)
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We will define the variable K(m) to be after-tax research and development expenditures capitalized in period m.
Using Equations (27), (28) and (29) above the equation for amortization expense in period m is...

K(m) = Γ (1− α)
θmP (0)0

1− λ
(32)

We will define the variable A(m) to be after-tax amortization (an income statement expense) of capitalized research
and development expenditures recognized in period m. Using Equations (27), (28) and (29) above the equation for
amortization expense in period m is...

A(m) = Γ (1− α)R(m) (33)

Answers To Our Hypothetical Problem

Using Equation (2) above and the data in Table 1 above total revenue realized in period zero on a product brought
to market at the beginning of period zero is...

P (0)0 =
Total Reported Revenue

π
=

20, 000, 000

4
= 5, 000, 000 ...where... π = 4 periods per year (34)

Using Equation (4) above and the data in Table 1 above the estimated value of the parameter theta is...

θ = (1 + g)
1
π = 1.045.25 = 1.0111 ...where... g = 0.0450 (35)

Using Equation (13) above and the data in Table 1 above the estimated value of the parameter lambda is...

λ = 1− 1

ω
= 1− 1

12
= 0.9167 ...where... ω = 3 years× 4 periods per year = 12 (36)

Using Equation (16) above and the parameter estimates in Equations (35) and (36) above the estimated value of
the parameter phi is...

φ =
λ

θ
=

0.9167

1.0111
= 0.9066 (37)

Using Equation (29) above and the data in Table 1 above the estimated value of the parameter gamma is...

Γ =
Period research and development expenditures

Period revenue
=

2, 400, 000

20, 000, 000
= 0.1200 (38)

Using Equation (18) above and the parameter estimates in Equations (34) and (37) above estimated company
revenue in the fourth quarter of year three is...

R12 =
1.011112 × (1− 0.906612)

1− 0.9066
× 5, 000, 000 = 42, 263, 000 (39)

Question 1: What is the balance of Capitalized R&D at the beginning of the fourth quarter of year three?

Using Equation (30) above and the parameter estimates in the equations above the balance of Capitalized R&D at
the beginning of the fourth quarter of year three is...

X(12)B = 0.1200× (1− 0.20)
42, 263, 000− 1.011112 × 5, 000, 000

1− 0.9167
= 42, 113, 000 (40)

Question 2: What is the balance of Capitalized R&D at the end of the fourth quarter of year three?

Using Equation (31) above and the parameter estimates in the equations above the balance of Capitalized R&D at
the end of the fourth quarter of year three is...

X(12)E = 0.1200× (1− 0.20) × 0.9167× 42, 263, 000

1− 0.9167
= 44, 629, 000 (41)

Question 3: How much R&D was capitalized in the fourth quarter of year three?
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Using Equation (32) above and the parameter estimates in the equations above the amount of R&D capitalized in
the fourth quarter of year three is...

K(12) = 0.1200× (1− 0.20) × 1.011112 × 5, 000, 000

1− 0.9167
= 6, 573, 000 (42)

Question 4: How much R&D was expensed in the fourth quarter of year three?

Using Equation (33) above and the parameter estimates in the equations above the amount of R&D expensed
in the fourth quarter of year three is...

A(12) = 0.1200× (1− 0.20) × 42, 263, 000 = 4, 057, 000 (43)

Using the answers above to our hypothetical problem questions the following schedule details the change in capi-
talized research and development expenditures in the fourth quarter of the third year...

Table 3: Capitalized R&D Reconciliation

Description Value

Balance at the beginning of the period 42,113,000
Research and development expense capitalized 6,573,000
Period amortization expense -4,057,000
Balance at the beginning of the period 44,629,000
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Appendix

A. The solution to the following mathematical series is... [1]

∞∑
i=0

zi =
1

1− z
...when... 0 < z < 1 (44)

B. The solution to the following mathematical series is... [2]

∞∑
i=1

i zn =
z

(1− z)2
...when... 0 < z < 1 (45)

C. Using Equation (44) above the solution to the following mathematical series is...

∞∑
i=j

zi =

∞∑
i=0

zi+j = zj
∞∑
i=0

zi =
zj

1− z
...when... 0 < z < 1 (46)

D. Using Equations (44) and (46) above the solution to the following mathematical series is...

j∑
i=0

zi =

∞∑
i=0

zi −
∞∑

i=j+1

zi =
1

1− z
− zj+1

1− z
=

1− zj+1

1− z
...when... 0 < z < 1 (47)
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